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Prerequisites

@ Basics of statistics: descriptive statistics, statistical inference;
@ Basics of probability: (multivariate) Gaussian distribution, Bayes’ theorem;
@ basics of cluster analysis.
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1.1 Mixtures of distributions
Agenda

@ Gaussian Mixture Models
@ Direct and indirect applications of mixtures
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Quverture: clustering 1/3

What is Clustering

Clustering refers to a very broad set of techniques for finding subgroups, or clus-
ters, in a data set. More in detail, the aim of cluster analysis is to identify groups
of similar objects (countries, enterprises, households) according to selected variables

(unemployment rate of men and women in different countries, deprivation indicators of
households, etc.).
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Quverture: clustering 1/3

What is Clustering

Clustering refers to a very broad set of techniques for finding subgroups, or clus-
ters, in a data set. More in detail, the aim of cluster analysis is to identify groups
of similar objects (countries, enterprises, households) according to selected variables
(unemployment rate of men and women in different countries, deprivation indicators of
households, etc.).

When we cluster the observations of a data set, we seek to partition them into distinct
groups so that the observations within each group are quite similar to each other,
while observations in different groups are quite different from each other.

Of course, to make this concrete, we must define what it means for two or more
observations to be similar or different.
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QOuverture: clustering 2/3

For instance, suppose that we have a set of n observations, each with p features. The
n observations could correspond to some countries, and the p features could
correspond to economic indicators (e.g., economic activity) collected for each country.

We may have a reason to believe that there is some heterogeneity (that is there are
groups of countries with similar characteristics) among the n countries based on the
selected economic indicators and we want analyze this heterogeneity, i.e. we want to
characterize the different group of countries according to these indicators
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QOuverture: clustering 2/3

For instance, suppose that we have a set of n observations, each with p features. The
n observations could correspond to some countries, and the p features could
correspond to economic indicators (e.g., economic activity) collected for each country.

We may have a reason to believe that there is some heterogeneity (that is there are
groups of countries with similar characteristics) among the n countries based on the
selected economic indicators and we want analyze this heterogeneity, i.e. we want to
characterize the different group of countries according to these indicators

The scope of this lectures

The basic approaches are hierarchical clustering and k-means clustering. There are
many types of these techniques: here we approach model-based clustering.
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QOuverture: clustering 3/3

Three key concepts:
Clustering

Clustering refers to grouping objects into classes according

to their
"similarity", see e.g. cluster analysis.
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QOuverture: clustering 3/3

Three key concepts:

Clustering

Clustering refers to grouping objects into classes according to their
"similarity", see e.g. cluster analysis.

v

Discrimination

Discrimination refers to the process of deriving classification rules from
samples of already classified objects.

v
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QOuverture: clustering 3/3

Three key concepts:

Clustering

Clustering refers to grouping objects into classes according to their
"similarity", see e.g. cluster analysis.

v

Discrimination

Discrimination refers to the process of deriving classification rules from
samples of already classified objects.

V.

Classification
Classification refers to applying the rule to new objects of unknown class. J
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The mixture model is essentially a tool for density estimation.
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Introduction 2/4

Men + Women Weight distribution
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Introduction 4/4

The model:
pw) = nf (x; 1, 00) + (1 — m)f (x; 2, 03)
with

1 x—uiz
f(x;/.Lg,O';): Wexp <_%) .

i

The estimates:
7 =0438 i =5505 o1 =487 @ =69.88 o, =11.09.
In general:

p(x; ) = mf (5 1, 07) + -+ + maf (% e, 05)
with 7, >0and 7w +-- -+ 7 = 1.



"PROM International Workshop 2022" - Prof. Salvatore Ingrassia

How the story began

Mixture models have been largely considered in statistical modeling since the 19th
century.

They have been proposed first in Newcomb (1886) concerning an application of
normal mixtures as models for outliers.

Pearson(1894) fitted a mixture of two normal density functions on data consisted of
measurements on the ratio of forehead to body length of crabs sampled from the Bay
of Neaples.

T T T T T T T
058 060 062 064 066 068 070

ratio
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Basic definitions 1/2

Finite Mixture Distribution

We say that X has a finite mixture distribution if its probability density function (pdf) has
the form

p(x) = mfi(x) + - +7wefo(x)  XEX.

where
>0 g=1,...,.G, m+--+7mg=1
and
fg()207 fg(X)dX—l, g:17 7G
X
The parameters i, . .., g are the mixing weights and fi(-), . . ., fc(-) are the

component densities of the mixture.



"PROM International Workshop 2022" - Prof. Salvatore Ingrassia

Basic definitions 2/2

In many situations, fi(-), . . ., fo(+) will have specified parametric forms and then we
can have a more explicit representation of the pdf:

p(x;7) = mfi(x;01) + - - - + wefe(x; 0c) xe X
where 6, denotes the parameters of f,(-) and v» denotes the overall parameter of the
mixture model. Moreover
@ O, denotes the parameter space of f,(-), thus 9, € ©,,
@ W denotes the parameter space of ¥, thus ¢ € P.

There is no requirement that the component densities should all belong to the same
parametric family, but in most applications this is the case and then the finite mixture
density function will have the form

G
p(x;) = mf(x;01) + - - - + wef (x; 06) :Z XEX

where f(-; 8,) denotes a generic member of the parametric family and 6, ..., 0¢
belong to the same parameter space ©.
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Preliminary note: Multivariate Gaussian distribution
LetX = (X],

., X,) a random vector with values in R?. We say that X has a
multivariate Gaussian distribution with vector mean E(X) = p and covariance matrix
Cov(X) = X, and write X ~ N, (u, X), if it has density

1 1
P(x;p, X) = W exp (_E(X -

RSO

Two multivariate Gaussian density functions are shown, with p = 2. Left: The two
predictors are uncorrelated. Right: The two variables have a correlation of 0.7.
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Gaussian Mixtures 1/7

Gaussian Mixture Models

An important class of mixture of distributions concerns mixtures of Gaussian distribu-
tions, which are usually referred to as Gaussian Mixture Models (GMM)

P %) = mP(x; py, B) + - + M6h(X; g, Bg) X ER

where the gth component density ¢(x; p;, ;) has the form

1 1 _
B(X; pag, Bg) = Wexp{—z(x—ug)lﬁg l(x—ug)} x e R%

and the parameters 1, . .., ¢ are the mixing weights.




Gaussian mixtures 2/7

Gaussian mixtures can model a great variety of density functions, by selecting suitable

parameters.

Shape of the univariate mixture p(x; m, A) = 7 ¢(x;0, 1) + (1 — 7) ¢(x; A, 1) for
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00 01 02 03 04

"PROM International Workshop 2022" - Prof. Salvatore Ingrassia

Delta=1 Delta=2
pa
S
© 4
5
o
84
54
=
L — S T T
2 0 2 4 2 0 2 4
x x
Delta=3 Delta =4
<
g
o
S
N 4
S
54
o
T T T ° T T T
2 0 2 4 2 0 2 4

A =1,2,3,4 and weigth 7 = 0.5.




"PROM International Workshop 2022" - Prof. Salvatore Ingrassia

Gaussian mixtures 3/7
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Gaussian mixtures 4/7
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Gaussian mixtures 5/7
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Gaussian mixtures 6/7
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Gaussian mixtures 7/7

Asymmetric Double Claw Density Smooth Comb Density
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More in general...

Mixtures of elliptical distributions have density function of type
p(x;) = mif(x;01) + - - - + 7f (X; 0¢) xeR’
where 7, ..., mg are the mixing weights and

F(%0) = nel Zel ™ 2h{(x = 1) B (x = )}

O p, < R,
@ 3, are positive definite matrices in R” (denoted by X, > 0),

@ his a strictly positive, continuous function on R, symmetrical about 0 and
monotonicly decreasing on [0, o),

@ 1, is a positive constant depending on the dimension d of the Euclidean space.

A more general elliptical model than Gaussian mixtures concerns mixtures of
multivariate t distributions, where the component densities depend also on a further
parameter called “degrees of freedom".
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Direct and indirect applications of mixtures

Titterington et al. (1985) distinguish two broad classes of usage of mixtures
models as direct and indirect applications, although the dividing line is not
always clear:

@ by a direct application, we consider a situation where we believe in the
existence of G underlying disjoint groups or subpopulations €4, . .., Qg,
such that Q@ = Q, U--- U €. The observation X belongs to one of these
subpopulations and we do not observe directly the source of X.

@ By an indirect application, we consider a situation where the mixture
form is simply being used as a flexible and tractable mathematical tool
for function approximation.
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Direct applications

Assume that the population €2 can be considered as the union of G disjoint groups or
subpopulations Q, . .., Qg, such that @ = Q, U - - - U Qg. Each unit w belongs to only
one group. In this form of application, the model

p(x; ) = mifi(x;01) + -+ + 7mfe(x;06)  xE€R?

summarizes the density function of X given that the observation actually comes from
the subpopulation €, and 7, denotes the probability that the unit w comes from this
subpopulation, that is P(w € §,) = 7.
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Indirect applications

Indirect applications concern cases where the underlying categories do not have
necessarily a direct physical interpretation.
An important example concerns kernel-based density estimation. For example,
Gaussian mixtures can approximate the lognormal distribution with density
1 1 2 2)
———exp | —=(logx — o |,
Ty P ( 5 (logx —p)7/

with parameters 1 = log(10) e o> = 0.04 and compare with a two component
Gaussian mixture p(x) = 0.9 ¢(x;9.7,3) + 0.1 ¢(x; 13.7, 3).

The closeness between the lognormal (dotted line) and the two-component normal
mixture distributions (solid line) means that it is very difficult to discriminate between
them in practice.
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1.2. Maximum Likelihood Approach
to Parameter Estimation
and Numerical Issues

Agenda
@ MLE of Gaussian mixtures
@ Numerical issues
@ The EM algorithm
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Maximum likelihood estimate 1/2

Assume G as given (afterwards, we'll relax this assumption) .

Letx = {xi,...,xy} be a sample of N i.i.d. observation taken from a parametric
mixture density

p(x; ) = mf(x;01) + -+ +7maf(x;06)  x€RL
The corresponding likelihood function is

N

N G
L) =] [pxie) =[] [Z Trof (Xa3 0@] :

n=1 n=1

Maximization of L(v)) with respect to v, for given data x, yields the maximum
likelihood (ML) estimate 1 of 1 i.e.

P = arg mex L(v).
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Maximum likelihood estimate 2/2

In practice, it is usually convenient to deal with the log-likelihood function

n=1 g=1

L(vp) = log L(v Zlog [Z Tof (Xn; 0 )]

which requires solving the likelihood equations
9L(Y)
o
e.g. by means of some Newton-like method, where
OL(%)
O

is the gradient vector of the log-likelihood function with respect to .
Thus, we get

=0,

~

= L .
b arg max ()
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MLE of Gaussian mixtures

An important case concerns mixture of Gaussian distributions

p(x;p) = mo(x; py, B1) + -+ + meh(X; g, X)) x ERY.
and the log-likelihood function specializes as

N G
B 1 1 Isr—1
[’('l:b) - nZZ;IOg gz:;ﬂ-g |2ﬂ_2g|1/2 exp {_E(Xn - ’J’g) zg (Xn - u’g)}

where 1 = {(mg, 1y, ), g = 1,...,G} € ¥ and ¥ being the parameter space:
W = {(M1, .. TG s s gy B, .., D) € ROFAHEHD/
mA-+reg=1,m>0 X,>0 forg=1,..,G},
with 3, > 0 denoting positive definite.



"PROM International Workshop 2022" - Prof. Salvatore Ingrassia

MLE of Gaussian mixtures

An important case concerns mixture of Gaussian distributions
P(x;9) = md(x; py, Bi) + - + 16h (X g, Ba)  x € R
and the log-likelihood function specializes as

N G
B 1 1 Isr—1
L(p) = ;:1 log ?:1 Tg RS, |12 exp {_E(Xn - Ng) %, (X0 — u’g)}

where 1 = {(mg, 1y, ), g = 1,...,G} € ¥ and ¥ being the parameter space:
W = {(M1, .. TG s s gy B, .., D) € ROFAHEHD/
mA-+reg=1,m>0 X,>0 forg=1,..,G},
with 3, > 0 denoting positive definite.
Remark

In this framework, the problem of maximizing the log-likelihood function L(v)) is not well
posed, because it may present

@ singularities (degenerate solutions)
@ local maxima.
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Numerical issue 1: singularities (degenerate solutions)

Singularities of the likelihood function are caused by clusters containing few data
points lying in a lower-dimensional subspace (in the case of multivariate data). These
components have been referred to as degenerate.
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Numerical issue 2: Local maxima and spurious
maximizers

A particular type of local maxima occurs as a consequence of a fitted component
having a very small (generalized) variance compared to the others (few data points

either relatively close together or almost lying in a lower-dimensional subspace) see
Day (1969).

Data L() = —600.15 L(¥*) = —609.46

@ Spurious maximizers are investigated in detail in Section 3 of McLachlan and
Peel (2000).
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Numerical issue 3: Local maxima

Starting from some initial guess x(*) (usually selected randomly), a descent algorithm
generates a sequence {x(r)}, of points that converges to some local minimum x* (no
guarantee convergence towards global optimum).

Therefore, strategies based on multiple initial starts could be adopted.
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The EM algorithm

The Expectation-Maximization (EM) algorithm is a broadly applicable approach to iter-
ative computation of maximum likelihood estimates, useful in a variety of incomplete-

data problems where algorithms such as the Newthon-Raphson method may turn out
to be more complicated.

On each iteration ot the EM algorithm, there are two steps - called
@ the Expectation step (E-step) and
@ the Maximization step (M-step).
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EM algorithm for univariate Gaussian mixtures 1/3

Letx = (xi,...,xv)’ be a sample from a mixture of G Gaussian components

(x—m)?

! exp{— ! exp{—i(x_ ,uc)z}
\2mo? 202 V2mok 20%

where 1 is the overall parameter, i.e. ¢ = {wg,ug,aﬁ, g=1,...,G}.

plx ) =m }+--'+7TG
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EM algorithm for univariate Gaussian mixtures 1/3

Letx = (xi,...,xv)’ be a sample from a mixture of G Gaussian components

(x—m)?

1 exp { } I 1 exp { (x — pc)* }
_ G _WTHG)
\2mo? 202 V2mok 20%

where 1 is the overall parameter, i.e. ¢ = {wg7ug7a§7 g=1,...,G}.

px; ) =m

At iteration r, based on the sample x = {xi,...,xn}, let ") be the current estimate of
the overall parameter . Consider the quantity

06 (. 020)
plxa; ™)

Te(x; ") =
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EM algorithm for univariate Gaussian mixtures 1/3

Letx = (xi,...,xv)’ be a sample from a mixture of G Gaussian components

(x—m)?

1 1 (X—Mc)z}
exp< — + T exp{—i
\2mo? p{ 201 } ¢ V2mok 20,

where 1 is the overall parameter, i.e. ¢ = {wg7ug7a§7 g=1,...,G}.

px; ) =m

At iteration r, based on the sample x = {xi,...,xn}, let ") be the current estimate of
the overall parameter . Consider the quantity

206 (s, 20)

plxa; ™)

Te(x; ") =

Remark

In the classification setting, according to the Bayes’ rule, T,(x.; %) is the posterior
probability that the unit x, comes from the group g.
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EM algorithm for univariate Gaussian mixtures 2/3

After some algebra, we get the estimate of the weight 7, and of the mean p, on the
(r + 1)th iteration

r+l _ 2 : (r+1)
N

N r+1
u(r+1) D onei Tn(g )x,,
8 N _(r+1)
Zn:1 Tng

forg=1,...,G
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EM algorithm for univariate Gaussian mixtures 3/3

As for the estimation of the variances 03, we distinguish two cases

@ The heteroscedastic case (no constraints on a§, forg=1,...,G)

2
N r+1 r+1
() = Zem 7 ()

8 N (r+1)
> w1 Tng
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EM algorithm for univariate Gaussian mixtures 3/3

As for the estimation of the variances 03, we distinguish two cases

@ The heteroscedastic case (no constraints on a§, forg=1,...,G)

N r+1 r+41
Aoy S Y (= g O)
() =

N (r+1)
anl Tng

@ The homoscedastic case (07 = 03 = - - = 0g = 0°)

( )r+l NZZanH( _ (r+l))

g=1 n=1

2
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EM algorithm for multivariate Gaussian mixtures 1/2

Letx = {xi,...,xy} be a sample taken from a mixture of G multivariate normal
distribution

(x5 p) = mp(X; py, ) + -+ + mh(X; pg, Xa)
where
1 1 fa—
¢(X§Ng72g):WGXP{—E(X—N;;)E;;I(X—N;;)} g=1,...,G.
and’l[J:{Wg,[Lg,E§7g:17...,G}.

At iteration r, based on the sample x = {xi,...,xn}, let 1" be the current estimate of
the overall parameter . Consider the quantity

r r 2(r
o0 (e 20)
Tg(X,,;’ljJ ): p(x¢(r)) n:l,..

N, g=1,...,G.
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EM algorithm for multivariate Gaussian mixtures 1/2

Letx = {xi,...,xy} be a sample taken from a mixture of G multivariate normal
distribution

P(X; 170) = 7T|(]5(X; My 21) +o T+ ﬂ—g(z)(X; 2 7eD) 2G)
where

1 1 fa—
A(X; py, ) = mexp{—i(x—ug) 3, 1(X—u,g)} g=1,...,G.
[

and¢:{7Tg,[Lg,E§7 g:17’G}

At iteration r, based on the sample x = {xi,...,xn}, let 1" be the current estimate of
the overall parameter . Consider the quantity

r r 2(r
e T (sl 02)
Te(Xn; ') = ) n=1,....,N,g=1,...,G.

Remark

In the classification setting, according to the Bayes’ rule, T,(x,; zp(’)) is the posterior
probability that the unit x, comes from the group g.
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EM algorithm for multivariate Gaussian mixtures 2/2

Some algebras yield the following iterative procedure:

forg=1,...

1 8
r+1 2 : r+1
LE ) n ”(g )

=1
N 41
Zn:l T”(Sf )X”
N (r+1)
anl Tng

N (r+1)
(r+1) _ Zn:l
E =

uér«kl) _

b

Tug ) (% — pI) (x0

_ u§r+l))l

N (r+1)
21 T

.G.
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Computational issues: Starting values 1/3

The EM algorithm is an iterative procedure choice of the starting values constitutes an
important issue.

@ The standard initialization consists in selecting a value for 1. An alternative
approach consists in performing the first E-step by specifying, the values of ZS,Q)
forn=1,...,Nandg=1,...,G.
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Computational issues: Starting values 1/3

The EM algorithm is an iterative procedure choice of the starting values constitutes an
important issue.

@ The standard initialization consists in selecting a value for 1. An alternative
approach consists in performing the first E-step by specifying, the values of zﬁg)
forn=1,...,Nandg=1,...,G.

@ Other initialization strategies concern a random initialization which is repeated ¢
times from different random positions and the solution maximizing the
observed-data log-likelihood among these 7 runs is selected.
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Computational issues: Starting values 1/3

The EM algorithm is an iterative procedure choice of the starting values constitutes an
important issue.

@ The standard initialization consists in selecting a value for 1. An alternative

approach consists in performing the first E-step by specifying, the values of zﬁg)
forn=1,...,Nandg=1,...,G.

@ Other initialization strategies concern a random initialization which is repeated ¢
times from different random positions and the solution maximizing the
observed-data log-likelihood among these 7 runs is selected.

@ In each run, the n vectors szf), o 7sz2 can be randomly generated in either a

"soft" way, that is by generating G positive values summing to one, or
alternatively in a "hard" way through a multinomial distribution with probabilities
(1/G,...,1/G).
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Computational issues: Stopping rule 2/3

The stopping criterion usually adopted is in terms of either the size of the relative
change in the parameter estimates of the log-likelihood. This is a measure of lack
of progress but not of actual convergence.

@ The Aitken acceleration procedure provides a useful estimate of the asymptotic
maximum of the log-likelihood at each iteration of the EM algorithm. The Aitken

acceleration at iterationr + 1, r =0, 1,.. ., is given by
LD £(¢(,~+2)) _ £(¢(:~+1))
L) — L)

where £(y+?), L(xp*V), and L( ") are the log-likelihood values computed
at iterations r 4+ 2, r + 1, and r, respectively.
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The stopping criterion usually adopted is in terms of either the size of the relative
change in the parameter estimates of the log-likelihood. This is a measure of lack
of progress but not of actual convergence.

@ The Aitken acceleration procedure provides a useful estimate of the asymptotic
maximum of the log-likelihood at each iteration of the EM algorithm. The Aitken

acceleration at iterationr + 1, r =0, 1,.. ., is given by
LD £(¢<r+2)) _ £(¢<,~+|))
L") — L)
where £(y+?), L(xp*V), and L( ") are the log-likelihood values computed
at iterations r 4+ 2, r + 1, and r, respectively.
@ Then, the asymptotic estimate of the log-likelihood at iteration r + 2 is given by

T (L) - L))

LL? = £@Y) +
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Computational issues: Stopping rule 2/3

The stopping criterion usually adopted is in terms of either the size of the relative
change in the parameter estimates of the log-likelihood. This is a measure of lack
of progress but not of actual convergence.

@ The Aitken acceleration procedure provides a useful estimate of the asymptotic
maximum of the log-likelihood at each iteration of the EM algorithm. The Aitken
acceleration at iterationr + 1, r =0, 1,.. ., is given by

LD £(¢<r+2)) _ £(¢<,~+|))
L) = L")
where £(y+?), L(xp*V), and L( ") are the log-likelihood values computed
at iterations r 4+ 2, r + 1, and r, respectively.
@ Then, the asymptotic estimate of the log-likelihood at iteration r + 2 is given by

T (L) - L))

LL? = £@Y) +

@ Thus the EM algorithm can be stopped when £ — £ results less than
some desired tolerance e.
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Computational issues: Rate of convergence 3/3

Remarks

@ The EM algorithm is quite slow, compared with other numerical optimization
procedures. It can be proved that in a neighborhood of the MLE 14, the EM
algorithm is essentially a linear iteration.
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Computational issues: Rate of convergence 3/3

Remarks

@ The EM algorithm is quite slow, compared with other numerical optimization
procedures. It can be proved that in a neighborhood of the MLE 14, the EM
algorithm is essentially a linear iteration.

@ Moreover, it can be proved that there exists a domain of attraction of the EM
algorithm around a degenerated solution and that convergence to these
particular solutions is extremely fast.




"PROM International Workshop 2022" - Prof. Salvatore Ingrassia

The EM algorithm - Properties 1/3 - Advantages

The EM algorithm has several appealing properties relative to other iterative
algorithms such as Newton-Raphson and Fisher’s scoring method for finding MLEs.
Some of its advantages compared to its competitors are as follows.

@ The EM algorithm is numerically stable, with each EM iteration not decreasing
the likelihood (except at the fixed point of the algorithm).
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Some of its advantages compared to its competitors are as follows.

@ The EM algorithm is numerically stable, with each EM iteration not decreasing
the likelihood (except at the fixed point of the algorithm).

© Under fairly general conditions, the EM algorithm has reliable global
convergence. That is, starting from an arbitrary point ) € ¥, convergence is
nearly always to a local maximizer, barring very bad luck in the choice of the
initial guess 1(*) or some pathology in the log-likelihood function.
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The EM algorithm - Properties 1/3 - Advantages

The EM algorithm has several appealing properties relative to other iterative
algorithms such as Newton-Raphson and Fisher’s scoring method for finding MLEs.
Some of its advantages compared to its competitors are as follows.

@ The EM algorithm is numerically stable, with each EM iteration not decreasing
the likelihood (except at the fixed point of the algorithm).

© Under fairly general conditions, the EM algorithm has reliable global
convergence. That is, starting from an arbitrary point ) € ¥, convergence is
nearly always to a local maximizer, barring very bad luck in the choice of the
initial guess 1(*) or some pathology in the log-likelihood function.

© The EM algorithm is tipically easily implemented, because it relies on
complete-data computations: i) the E-step of each iteration only involves taking
expectations over complete-data conditional distributions and i) the M-step of
each iteration only requires complete-data ML estimation, which is often in
simple closed forms.
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The EM algorithm - Properties 2/3 - Advantages

© The EM algorithm is generally easy to program, since no evaluation of the
likelihood nor its derivatives is involved.
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likelihood nor its derivatives is involved.

© The EM algorithm requires small storage space; for instance, it does not have to
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© The cost per iteration is generally low, which can offset the larger number of
iterations needed for the EM algorithm compared to other competiting
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@ By watching the monotone increase in likelihood over iterations, it is easy to
monitor convergence and programming errors.
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The EM algorithm - Properties 2/3 - Advantages

© The EM algorithm is generally easy to program, since no evaluation of the
likelihood nor its derivatives is involved.

© The EM algorithm requires small storage space; for instance, it does not have to
store the information matrix nor its inverse at any iteration.

© The cost per iteration is generally low, which can offset the larger number of
iterations needed for the EM algorithm compared to other competiting
procedures.

@ By watching the monotone increase in likelihood over iterations, it is easy to
monitor convergence and programming errors.

© The EM algorithm can be used to provide estimated values of the missing data.
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The EM algorithm - Properties 3/3 - Criticisms

@ The EM algorithm may converge slowly even in some seemingly innocuous
problems and in problems where there is too much ’incomplete information’.

© The EM algorithm is a deterministic optimization procedure and then it does not
guarantee convergence towards the global maximum when there are multiple

maxima. Further, in this case, the estimate obtained depends upon the initial
value .
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Labo activity with R

Lab_activity MM_1.R (lines 1-145).



"PROM International Workshop 2022" - Prof. Salvatore Ingrassia

1.3. Model-Based Clustering
Agenda

@ Probabilistic clustering
@ Clustering of i.i.d. data via mixture models




"PROM International Workshop 2022" - Prof. Salvatore Ingrassia

Clustering

Clustering methods provide a powerful tool for analyzing data sets with applications in
quite different domains such as, e.g., marketing, web commerce, biology, pattern
recognition and image processing, document retrieval, and linguistics.
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Let Q = {wi,...,wy} be a set of N objects and consider a set of p numerical features

associated to the set 2, describing the objects of 2, according to some fixed criterion.
For a given w € Q, we denote by x = x(w) the p-dimensional feature vector associated
to the object w, i.e. x € R?.



"PROM International Workshop 2022" - Prof. Salvatore Ingrassia

Clustering

Clustering methods provide a powerful tool for analyzing data sets with applications in
quite different domains such as, e.g., marketing, web commerce, biology, pattern
recognition and image processing, document retrieval, and linguistics.

Let Q = {wi,...,wy} be a set of N objects and consider a set of p numerical features
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classes Qi, ..., Q¢ C Q which will be called textcolorred1 clusters, thereby using the
data set x = {xi,...,xy} of observed data.
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Clustering

Clustering methods provide a powerful tool for analyzing data sets with applications in
quite different domains such as, e.g., marketing, web commerce, biology, pattern
recognition and image processing, document retrieval, and linguistics.

Let Q = {wi,...,wy} be a set of N objects and consider a set of p numerical features

associated to the set 2, describing the objects of 2, according to some fixed criterion.
For a given w € Q, we denote by x = x(w) the p-dimensional feature vector associated
to the object w, i.e. x € R?.

The term clustering means subdividing 2 into a partition of G hopefully well separated
classes Qi, ..., Q¢ C Q which will be called textcolorred1 clusters, thereby using the
data set x = {xi,...,xy} of observed data.

It is expected that objects from the same cluster €2, comprise mainly similar or neigh-
bouring data points, whereas data points from different clusters will be dissimilar and
not too close to each other, as a rule.
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Classification through the Bayes’s theorem 1/2

Let

@ 7, = P(£,) be the overall or prior probability that a randomly chosen observation
comes from the prior gth class €,.

@ Assume that each class is provided with a probability density f, (for example, a
Gaussian density) and let
Je(x) = p(x]€2)
be the probability density of the unit x in the gth class, i.e. X ~ f,|€,.
In other words, from a practical point of view, in the discrete case, f,(x) assumes a

relatively large value if there is a high probability that x comes from the kth class, and
fo(x) is small if it is very unlikely if it is unlikely that x belongs to the gth class.
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Classification through the Bayes'’s theorem 2/2

The Bayes’s theorem states that:

s X
P(OUx) = g
21 Tafu(X)
and we’ll denote by
To(x) = P(§2]x)
the posterior probability that an observation x belongs to the gth class.

That is, it is the probability that the observation belongs to the gth class, given the
predictor value x for that observation.
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Clustering of i.i.d. data via mixture models 1/3

Cluster analysis has been reformulated as a problem of estimating the parameters of

a mixture of multivariate distributions. In this case X, ..., Xy is a sample of N i.i.d.
random vectors having density

p(x;%) = mp1(x;01) + - +T606(x;06) x€R?.
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Clustering of i.i.d. data via mixture models 1/3

Cluster analysis has been reformulated as a problem of estimating the parameters of
a mixture of multivariate distributions. In this case X, ..., Xy is a sample of N i.i.d.
random vectors having density

p(x;%) = mp1(x;01) + - +T606(x;06) x€R?.

Even if the mixture model provides no clustering approach in the strong sense, once
the mixture model has been fitted, a fuzzy classification of data into G clusters can
be obtained in terms of the fitted posterior probabilities that the point x, belongs to the
first, ..., Gth components, respectively, of the mixture (n = 1, ..., N).
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Clustering of i.i.d. data via mixture models 2/3

According to the Bayes’ rule, we get the fitted posterior probabilities that the point
x, belongs to the first, ..., Gth components, respectively, of the mixture (n = 1,...,N).

Tg(xn;'l,/[’) _ TP (Xn; O) _ qus(xn?/\eg) ¢=1,...,G.

SO (% 0n) (%))
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Clustering of i.i.d. data via mixture models 3/3
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The Maximum A Posteriori Probability (MAP) criterion

Finally, an outright assignment of the data into G clusters is achieved by assigning
each data point to the component to which it has the highest estimated posterior
probabilities of belonging.

T
Maximum A Posteriori Probability (MAP)

We estimate the component-label vector z, by z, where z,, = (z.),, Where

R 1 if g = argmax;, 7 (Xy; @)
Zng = q
0 otherwise.

In other words, a crisp clustering is obtained from a fuzzy clustering based on the
maximum a posteriori probability criterion.

V.
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Example: Faithful data 1/4

Faithful data concern the waiting time between eruptions and the duration of the
eruption for the Old Faithful geyser in Yellowstone National Park, Wyoming, USA.

Data consist of N = 272 observations on two numeric variables:

eruptions:  Eruption time (in mins)
waiting: Waiting time to next eruption (in mins)



Example: Faithful data 2/4

oruptons.
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Example: Faithful data 3/4

Classification Classification
3 3
8 8
3 s 4
8 8
2 o g o
£ R . s R4 a
H H
o
3 s 4
8 8
O
3 3
8 3
T T T T T T T T T T T T T T T T
15 20 25 30 35 40 45 50 15 20 25 30 35 40 45 50
eruptions eruptions
n = 175, ny = 97 n = 130, ny, = 97, n3 = 45

m = 0.6432, m = 0.3568 m = 0.4633, m» = 0.3564, m3 = 0.1803
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Example: Faithful data 4/4

w, eruptions waiting P(wn € Q1) Plws € Q) Plw, € Q) class

1 3.600 79 0.021817 0.000000 0.978183 3
2 1.800 54 0.000000 1.000000 0.000000 2
3 3.333 74 0.002522 0.000021 0.997458 3
4 2.283 62 0.000000 1.000000 0.000000 2
5 4.533 85 0.983897 0.000000 0.016103 1
34 4.033 80 0.479591 0.000000 0.520409 3
74 4.000 71 0.468440 0.000000 0.531560 3
105 4.050 81 0.509674 0.000000 0.490326 1
156 4.000 70 0.475111 0.000000 0.524889 3
158 4.083 93 0.500779 0.000000 0.499221 1
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1 3.600 79 0.021817 0.000000 0.978183 3
2 1.800 54 0.000000 1.000000 0.000000 2
3 3.333 74 0.002522 0.000021 0.997458 3
4 2.283 62 0.000000 1.000000 0.000000 2
5 4.533 85 0.983897 0.000000 0.016103 1
34 4.033 80 0.479591 0.000000 0.520409 3
74 4.000 71 0.468440 0.000000 0.531560 3
105 4.050 81 0.509674 0.000000 0.490326 1
156 4.000 70 0.475111 0.000000 0.524889 3
158 4.083 93 0.500779 0.000000 0.499221 1
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1.4 Measures of Class Agreement

Agenda
@ Confusion matrix
@ The Adjusted Rand Index (ARI)
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Confusion matrix

When the true classifications are known for the data, we can compute the confusion
matrix C which is a contigency table containing the information about actual and
predicted classifications.

In particular the entry c,, denotes the relative frequency of units coming from ©; and
classified in €. The trace of C, namely tr(C), gives the percentage of right classified
units and then 1-tr(C) is the misclassification error§.

Remark: pay attention to label switching

predicted predicted
True A B C True A B C
1 320 34 51 1 48 31 238
2 48 238 31 2 320 51 34

61 31 185 3 61 185 31
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Class agreement

A more elaborate approach is based on measures of class agreement. Given a set of
N objects O = {wi,...,wn}, suppose U = {u,...,u,} and V.= {vi,...,v.} represent
two different partitions of O, i.e.,i.e., the entries in U and V are subsets of Q2 such that
Ui = O =U_ v, s Nuy =0 for1 <i#i' <randvinvy =0forl1 <j#j <ec.

Partition V

Class | v; vy oo vj B Ve
uy ni N - ny o e N | N1
uz n2i n2 e nyj e nac np.
Partition U u; ni nin cee njj cee Nic n;.
Uy Ny ny e Ny e Nye ny.
n.| n.o n.; n.c N
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The Rand Index 1/2

The original Rand index (RI; Rand, 1971) is based on a measure of correspondence
between U and V on how object pairs are classified in the R x C contingency table.

Specifically, there are four different types among the (’;’) distinct pairs that could be
found:

@ objects in the pair are placed in the same class in U and in the same class in V;

© objects in the pair are placed in different classes in U and in different classes in
Vi

© objects in the pair are placed in different classes in U and in the same class in V;

© objects in the pair are placed in the same class in U and in classes in V.

Types 1. and 2 are typically interpreted as agreements in the classification of the
objects from a pair; types 3. and 4. represent disagreements.
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The Rand Index 1/2

The Rand Index (RI)
The Rand index (RI) is defined by

_ number of agreements
" number of agreements + number of disagreements’

The RI assumes values between 0 and 1, where 0 indicates no pairwise agreement

between the MAP classification and true group membership and 1 indicates perfect
agreement.

V.
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The Adjusted Rand Index
One criticism of the Rl is that its expected value is greater than 0, making smaller
values difficult to interpret.

Hubert and Arabie (1985) have proposed a correction to the Rand index called
Adjusted Rand Index (ARI).
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The Adjusted Rand Index

One criticism of the Rl is that its expected value is greater than 0, making smaller
values difficult to interpret.

Hubert and Arabie (1985) have proposed a correction to the Rand index called
Adjusted Rand Index (ARI).

The Rand Index (RI)

The Adjusted Rand index (ARI corrects the Rl for chance by allowing for the possibility
that classification performed randomly will correctly classify some observations

Rl — E(RI)

ARI = max(RI) — E(RI)’

where the expected value E(RI) of the Rand Index is computed considering all pairs
of distinct partitions picked at random, subject to having the original number of classes
and objects in each.

Thus, the ARI has an expected value of 0 and perfect classification would result in a
value equal to 1.

-~
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Labo activity with R

Lab_activity MM_1.R (lines 150-224).
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Model selection

The problem J

How to estimate the number G of groups?

@ For model selection, usually we conside BIC and ICL,

Criterion  Definition
BIC = —2L(¢) + Klog N
ICL ~BIC+ > I InZ;

Zig

are usually adopted, where K is the number of parameter in the model.
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Model selection

The problem J

How to estimate the number G of groups?

@ For model selection, usually we conside BIC and ICL,

Criterion  Definition
BIC =—2L(¢) + KlogN
|CL ~ BlC + Zn lfxv lné,»g

are usually adopted, where K is the number of parameter in the model.

Remark
There may be no particular reasons for choosing a single best model over the other
ones. On the contrary, it makes more sense to “deselect” models that are obviously

poor, maintaining a subset for further considerations.
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Parameter estimation and classification

Assume we are provided with a set of N independent observation pairs {xi,...,xy)}
drawn from a mixture model. Then:

@ for fixed G, estimate model parameters, usually according to the maximum
likelihood approach, using the EM algorithm (see later on);
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Parameter estimation and classification

Assume we are provided with a set of N independent observation pairs {xi,...,xy)}
drawn from a mixture model. Then:

@ for fixed G, estimate model parameters, usually according to the maximum
likelihood approach, using the EM algorithm (see later on);
© if G is unknown, then

@ repeat step 1 for different number G of groups;
@ select G according to model selection criteria like BIC, ICL (see later on);
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Parameter estimation and classification

Assume we are provided with a set of N independent observation pairs {xi,...,xy)}
drawn from a mixture model. Then:

@ for fixed G, estimate model parameters, usually according to the maximum
likelihood approach, using the EM algorithm (see later on);
© if G is unknown, then
@ repeat step 1 for different number G of groups;
@ select G according to model selection criteria like BIC, ICL (see later on);

© based on the estimate fb compute the posterior probability 7, (xx; 17}) that the nth
unit x, belongs to the gth group €2, and classify units into groups according to the
maximum a posteriori probability (MAP) criterion.
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1.5. Parsimonious
Model-Based Clustering

Agenda

@ Covariance structure of Gaussian multivariate mixtures
@ Parsimonious Models
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Covariance structure of Gaussian multivariate
mixtures
Let p(x; 1) be the density of a mixture of G multivariate normal distributions:
p(x; ) = mif(x; py, Tn) + - + m6f (X5 pg, Xa)
where
1 1 S
P13 = e { <3 x - ) B ) | e= 16

In clustering context, four commonly used assumptions on the component variance
matrices are considered:

@ = = - = =; = oI with o unknown;
Q = = =3¢ =diag(o},...,03), with (67, ..., 0%) unknown and
diag(ai, . ..,ag) denoting the diagonal matrix with entries (ai, ..., as);
© = = =3¢ = X where X is an unknown symmetric matrix (namely the

homoscedastic case);

© no restriction is placed on the covariance matrices ) = - - - = 3.
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Parsimonious model-based clustering 1/5

Banfield and Raftery (1993), Celeux and Govaert (1995) proposed a general
framework for geometric cross-cluster constraints in multivariate normal mixtures by
parameterizing covariance matrices through eigenvalue decomposition in the form

=, =\DAD, g=1,...,G
where

@ D, is the orthogonal matrix of the eigenvectors of X,

@ A, is a diagonal matrix diagonal matrix whose elements are proportional to the
eigenvalues of X, on the diagonal in a decreasing order,

@ )\, is an associated constant of proportionality.
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Parsimonious model-based clustering 2/5

The idea was to treat A\,, D, and A, as independent sets of parameters and either
constrain them to be the same for each cluster or allow them to vary among clusters.
When parameters are fixed, clusters will share certain geometric properties

@ D, governs the orientation of the gth component of the mixture,
@ A, its shape, and

@ )\, its volume, which is proportional to \{det(A,).
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Similarly, if the two largest eigenvalues are of the same magnitude and dominate the
other eigenvalues, then the gth cluster will be concentrated close to a plane in d-space.
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Parsimonious model-based clustering 2/5

The idea was to treat A\,, D, and A, as independent sets of parameters and either
constrain them to be the same for each cluster or allow them to vary among clusters.
When parameters are fixed, clusters will share certain geometric properties

@ D, governs the orientation of the gth component of the mixture,
@ A, its shape, and
@ )\, its volume, which is proportional to \{det(A,).

For example, if the largest eigenvalue of X, is much larger than the other eigenvalues,
then the gth cluster will be concentrated close to a line in d-space, which will be the
first principal component of the distribution of the gth group.

Similarly, if the two largest eigenvalues are of the same magnitude and dominate the
other eigenvalues, then the gth cluster will be concentrated close to a plane in d-space.

The gth cluster will be roughly spherical if the largest and smallest eigenvalues of X,
are of the same magnitude.



"PROM International Workshop 2022" - Prof. Salvatore Ingrassia

Parsimonious model-based clustering 3/5

identifier Model Distribution Volume Shape Orientation # parameters

E univariate equal 1

\ univariate variable G

Ell (A1) spherical equal equal NA a+1

Vil [AeI] spherical variable equal NA a+d

Ell [AA] diagonal equal equal coordinate axes a+d

VEI [AgA] diagonal variable equal coordinate axes a+d+G—1

EVI [AAQ] diagonal equal variable coordinate axes a+dG—G+1

Wi [AgAg] diagonal variable  variable coordinate axes a + dG

EEE [ADAD ] ellipsoidal equal equal equal a+ B

VEE [AgDAD ] ellipsoidal variable equal equal a+B+G-—1

EVE [ADA,D’] ellipsoidal equal variable equal a+B+(G—-1)(d-1)
VVE [A\;DA,D’] ellipsoidal variable  variable equal a+ B+ (G—1)d

EEV [)\D;,AD ] ellipsoidal equal equal variable a+GB —(G—1)d
VEV BY D;,AD ] ellipsoidal variable equal variable a+GB—(G—1)d—-1)
EVV [)\D;,A;,D ] ellipsoidal equal variable variable a+GB—(G—1)

VvV [AgDgAgD’] ellipsoidal variable  variable variable a+ G

Parameterizations of the covariance matrix X,. We have a = Gd in the restricted case (equal weights, 7, = 1/G) and
a = Gd + G — 1 in the unrestricted case. 3 denotes the number of parameters of a covariance matrix, i.e. 3 = d(d + 1) /2.
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Counting parameters:

matrix  # free parameters

Ae 1
D, dd—1))2
Aq d—1
s, d(d+1)/2
model VEI: AMA XA - XGA
————
d G—1
model EVI: A MA; - AGA
~~ =~ ~~
d d—1 d—1
model EVE: ADA/D ADA,D --- ADAGD
N—— N N——
d(d+1)/2 d—1 d—1
model VEV: D AD, A2D,AD; - - )\GDgADG .
—_—— —— ———

d(d+1)/2 d(d—1)/2 d(d—1)/2
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Labo activity with R

Lab_activity MM_1.R (lines 226-340).



